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[ Abstract. In this paper we look for standing waves for nonlinear Schrodinger equations 

with cylindrically symmetric potentials g vanishing at infinity and non-increasing, and a C 
nonlinear term satisfying weak assumptions. In particular we show the existence of standing 
0^ ' waves with non-vanishing angular momentum with prescribed norm. The solutions are 

obtained via a minimization argument, and the proof is given for an abstract functional 
which presents lack of compactness. As a particular case we prove the existence of standing 
' waves with non-vanishing angular momentum for the nonlinear hydrogen atom equation. 

■ 1. Introduction 

. 

In recent years much attention has been devoted to eigenvalue problems for elliptic equa- 
tions, mainly for applications to nonlinear field equations, such as Schrodinger and Klein- 
Gordon equations. 

Let > 3 and k = 2. We write x G as x = {y,z) G R'^ x R^-^ Consider the 
^ . nonlinear Schrodinger equation (NLS) in R^ 

S| (1.1) t^ + A^-gi\y\)^P-W'm)^^=0 

cn 

O I with a potential g vanishing at infinity and non-increasing, and W a nonlinear term of the 

kind studied in The existence of concentrated solutions of (11. ip can be obtained by 
looking for solutions of the form 



o 



(1.2) i;{t,x) =u{x)e'^^^^y'^-^'\ m > 0, A G R, £ G Z 

where 9{y) is the angular variable in the plane {yi, y2). In particular if £ 7^ these solutions 
have non-vanishing angular momentum and are called vortices. With this ansatz, the NLS 
reduces to 



;i.3) -Au+ (^^+g{\y\)^u + W'{ 



u) = Xu 



The problem of existence of vortices for nonlinear field equations has been studied recently 
for 5f = in [6], [1], [2j and [3]. In these papers, solutions of (II. 3p have been found as 
critical points of a functional J{u) constrained to the manifold of functions with fixed 
norm. In the context of NLS, this constraint is natural since the norm of a solution is 
an invariant of motion. Moreover, it could be important to obtain points of minimum to 
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have orbital stabihty for the standing waves (II. 2p . This is for example the case of solutions 
with i = 0. The main difficulty in this minimization problem is the lack of compactness 
due to translations along the ^-coordinates. For this reason it was difficult to prove that the 
obtained solution had the desired norm. This was solved in [1] under further assumptions 
on W. 

In this paper, letting 2 < k < N, we consider the general eigenvalue problem 
(1.4) - Au + V{\y\)u + W'{u) = Xu 

where V{s) : R"*" R"*" is assumed to be vanishing at infinity and non- increasing, and the 
nonlinear term W is of the kind studied in |7] . For precise assumptions see Section [2j In 

particular (11. 3p is of this form with ^(|?/|) = + where g{\y\) can be strongly 

singular as \y\~°' with a > 0. We prove the existence of solutions of (ll.4p with any desired 
norm large enough. These solutions are obtained solving the minimization problem of 
the functional 

J{u) := £^ (^|V«|' + lv{\y\) + W{u)^ dx 
restricted to cylindrically symmetric functions and constrained to the manifold 

Bp := < / dx = > 
Ur^ J 

The eigenvalue A is found as the Lagrange multiplier of the minimization problem. 

As far as we know, the only existence result for elliptic equations with singular potentials 
of the form ^(|y|) ~ |?/|~" with a 7^ 2 is contained in [3], where it is considered the case 
y(|y|) = |?/|~" with A = 0, and results depend on the relation between a and the growth 
conditions of W. 

In Section [2] we introduce the problem in details. The proof of the existence of the 
constrained point of minimum for J is given in Section [3J We first introduce an abstract 
minimization problem for functionals of the form 

I{n) := Qlkir + n«)) 

where is a suitable norm for functions in and T is a real operator. Under some 
weak assumptions on the behaviour of T along minimizing sequences, we prove in Theorem 
13. II the existence of a point of minimum of / constrained to the manifold Bp. In particular 
we obtain strong convergence in for any minimizing sequence. This approach has been 
inspired by where in the case of non-singular potentials and nonautonomous power-like 
nonlinear terms it was obtained the orbital stability for standing waves of NLS. 

In the application to J, we have T{u) := / W{u)dx. The main difficulty in dealing with 
such term is the lack of compactness on the space of cylindrically symmetric functions. The 
idea of the proof is the following: first we obtain an a-priori estimate to guarantee the 
existence of a weak limit u; second we prove that HwUlz 7^ (by means of a compactness 
lemma contained in [9j); as last step, by using the abstract Theorem 13. H we show that 
||w||l2 = p and that Un ^ u strongly, and therefore u is solution of (II. 4p . 

Let us point out that the idea of the proof of the abstract Theorem 13.11 can be applied 
in the case when V = 0, i.e when the problem does not contain the singular term. Under 
the same assumptions, we obtain the orbital stability for a large class of NLS also involving 
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the bilaplacian operator as in [5] . Indeed, once we know that the weak hmit does not vanish 
(when I{u) < for some u) by means of the classical concentration-compactness lemma of 
Lions [lO], then Theorem 13. II guarantees that u has the right norm. Finally by the Cazenave- 
Lions argument in [S] we have orbital stability. 

Finally we show that the abstract Theorem 13.11 can be applied also to the nonlinear 
hydrogen atom equation 

(1.5) + Atjj + -^tjj - n^p + = 

ot \x\ 

with i7 G M. With the ansatz fll.2p with ^ 7^ 0, equation (11.51) reduces to 

(1.6) - /\u+ + ^\u-uP-^ = \u 

\\y\ fI/ 

where now the potential V depends on x = (y, z) and not only on y. The details are given 
in Section m 

2. The elliptic problem 
We look for solutions of the equation 

-^u + V{\y\)u + W'{u) = Xu 

where x = {y, z) G M'^ x R^^^, with > 3 and 2 < A; < A^, A is a real parameter, and V 
and W satisfy the following assumptions: 

• V : {0, +00) — > M is measurable and 
(VI) V{s) > 

(V2) lim V{s) = 

s—*oo 

(V3) v{es)<v{s) y9>i 

• : M ^ M is even and of class C\ and writing W{s) = | + R{s) with G M, the 
following assumptions hold: 

4 

(Wl) R{s) > -his^ - h2s"', for some 61, 62 > and 7 < 2 + — 

2N 

(W2) \B!{s)\ < ci\s\'''~^ + C2\s\'^^~\ for some ci,C2 > and 2 < gi < < 



A^-2 

(W3) there exists sq G M+ such that W{so) < 

Assumptions on V are very general. In particular we don't require any regularity or 
boundedness. Singular potentials of the form with a > 0, are a typical example to 

which we are interested. Notice that (IVip follows from (lV2p and (lV3p . and it is explicitly 
stated for simplicity. Assumptions on W are classical after the paper [7J . Assumption (jWip 
is necessary only to have that Jp > —00 for p big enough. Assumption (lW2p is fundamental 
to show the existence of the minimum. In this setting, we remark that we are working with a 
functional which is not weakly semi-continuous and with a non-compact constraint. We 
will obtain the sufficient conditions for strong convergence only for minimizing sequences. 

3 



Finally assumption (1W3P is natural as it is necessary for the existence of ground states for 
the elliptic equation (11. 4p with V = 0. 

To solve fll.4p . we study the minimization problem of the functional 

(2.1) J{u) := Ql Vtip + ^Vi\y\) u' + Wiu)^ dx 

constrained to the manifold 

Bp := < / dx = 



By standard arguments, since W is even we can consider only non-negative solutions -u, 
and since the functional J is invariant under the action of the group 0{k) of orthogonal 
transformations on the first k variables of x G M^, we can restrict the constraint Bp to 
cylindrically symmetric functions of the form u = u{\y\, z). Let O be an open subset of M^"'^, 
we use the notation H^{R^xO) for the Hilbert space obtained as closure of C^((]R^\{0})xC) 
with respect to the norm 

(2.2) \\u\\l:= [ {\Vu\' + V{\y\)\u\'+\u\')dx 
Moreover we introduce the notation for the "cylindrical" part of the norm 

(2.3) \\u\\l-= [ {\Vu\^ + Vi\y\)\u\^)dx 

The subspace of H^(M.^ x O) of cylindrically symmetric functions will be denoted by H(M} x 
O), and simply by H when O = M.^~^, hence 

H := ^^ue H\R'' xR^-'') : u = ui\y\,z)^ 

Notice that H C H'^{R'' x R^~*=) c H-^{R^), hence we can use classical Sobolev estimates. 
We now restrict the action of the functional J to H and define 

(2.4) Jp=^}}i 
Our main results is 

Theorem 2.1. // ^Vl\l - fV^ and ^Wl\l - fW^i) hold, then for p big enough the infimum 



p 



defined in (f^.^[ j is achieved. 

Under assumptions fIVip and flW2l) . the functional J in (12.11) is of class on H, and 
its critical points constrained to Bp satisfy (11.41) for some A G M, which is the Lagrange 
multiplier. Hence as a corollary of Theorem 12.11 and of the Palais principle of symmetric 
criticality we get 

Theorem 2.2. // / ( Vl\) - rvW and h Wl\) - rwW hold, then for p big enough equation [T^ 
admits non-negative weak solutions u of -norm equal to p. 

By Theorem 12.21 a solution u satisfies 
(2.5) / (yu-\/v + V{\y\)uv + W'{u)v- Xuv)dx = W v E H\R'' x R^-'') 



However, we now prove that the point of minimum u satisfies (12.51) also for all G Cg 
hence it is a solution of (ll.4p in the sense of distributions. 
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Theorem 2.3. // fVll) and fWM) hold and u e H is a non-negative weak solution of ljil-4\), 



then it is a solution also in the sense of distributions, that is 

(2.6) [ {\/u-\/(j) + V{\y\)u(j) + W'{u)(j)- Xu(j))dx = \f(peC^{R^) 

Proof. We consider the sequence of C°° non-negative functions 



{; 


if 


\y\ 




if 


\y\ 



< ?7n < 1, T]n{y,z) = < " and \Vr]n\ < K n 



n 



for a positive constant K. Moreover we assume that is non-decreasing along radii starting 
from = 0}. Then for any G C^(]R^) we have ?7„0 G H^, hence we can choose v = r]n4> 
in (12.51) . Let us assume > 0. Otherwise we let = 0+ — 0~ and show (12. 6p separately for 
0+ and (f)~ . 

Notice that since u, rjn and are non-negative, the sequence {u0?7„} is non-decreasing 
and non-negative, and it converges almost everywhere to u (p. Moreover, since u E H and W 
satisfies frW2|) . by classical Sobolev estimates, we get u(j) G L^(M^) and \ W'{u)\(j) G L^(R'^). 
Hence, since rin < I, we can apply Lebesgue dominated convergence theorem to obtain 

W'{u) 4>7]ndx^ I W'{u) dx 



U(j)r]n dx ^ / u(j) dx 

We write Vu ■ V{(pr]n) = (Vu ■ Vr7„) + (Vm ■ V0) ?7„, and since u E H we have | Vm ■ V0| G 
//-"^(M^). Hence as above 



(Vm ■ V0) rjn dx / Vu ■ V0 dx 
Moreover, letting An = < f } H supp 0, it holds m{An) < const. hence 

f iVu ■ Vrjnl (f) dx < const — — ||0||oo ( / |Vup da; j = o(l) 

for all > 2 since u E H and m(A„) — * 0. 

Writing (12.51) with v = rin4>, using previous results we get 

(2.7) lim / V{\y\)u(j)7]n dx = {\/u ■ Vcj) + W'{u) (f) - Xu (f)) dx E R 

Since the sequence {V^(|2/|) u(f)rjn} is non-decreasing and non-negative, we get 

V {\y\) u (j) dx = lim / V {\y\) u (f) r]n dx 

which together with (12. 7p implies (12. 6p . □ 



3. Proof of Theorem 12.11 
We first prove an abstract result. Consider the minimization problem 

(3.1) ^^ = jn"l/(") 

(3.2) /(«):= (1||«||? + T(«; 

where 

ll^llc:= / {\Vu\' + V{\y\)\u\')dx 
with V satisfying ( ]V1I) -( 1V3|) and T is a real operator on H. Then 

Theorem 3.1. Let T be differentiable on H and {«„} C H n Bp be a minimizing sequence 
for ^3. Assume also that 

(3.3) u ^0; 

(3.4) T{un-u) + T{u) =T{u„) + oil); 

(3.5) T{an{un-u)) -T{un-u) = o{l) V {«„} C M s.t. a„ ^ 1; 

(3.6) <T'(m„),m„ >=0(1) 

(3.7) < T'iUn) — T'{Um),Un — "Um >= o(l) aS U, 171 ^ OO 

(3.8) T{ug) < 9^T{u) \/u e H 



where 



Ug{x) := u { ) , ^ > 1 
Off 



Then u & Bp and, up to a sub-sequence, \\un — u\\h (see Ii2.2\) ). 

Proof. By (13.31) we have 1 1^1 1^2 = fi G (0,p] and we assume that fi < p, then we obtain a 
contradiction. Notice that again by (13. 3p we have 

\\Un - U\\l2 + ||m||^2 = \\Un\\l2 + o(l) 

hence 



(3.9) an ■■- 



By definition dSI]) 
and by ([S3D 



+ Tiun) = Ip + oil) 



^||m„ - u\\l + ]^\\u\\l + T{un -u) + T{u) = Ip + o(l) 



Hence, using the sequence a„ defined in (13.91) . by (13.51) 

i||a„(u„ - u)\\l + r(a„(M„ - u)) + ^\\u\\l + T{u) = Ip + o(l) 



For ue we have HwelUa = 6p and 



\ue\\l={^j^^-^\yu\'' + e'V{\ey\)u'dx)^ < 
<e^( I \Vu\^ + V{\y\)u^dx) \ =^2||^(^)||2_ 



By (M 



ep = mi I ^||we|||c + T{u0)) < inie'^ ( ^||w|||c + T{u) \ = u ip 



and thus 

(3.10) Ip<Ip + I 

for any p > and 6 > 1. 



Now, notice that ||an('iin — u)\\l2 = — hence 

/ + < \\\an{Un - ^^)||c + T{an{Un " U)) + + T{u) = Ip + o(l) 

which is in contradiction with (13.101) . This imphes that \\u\l'^ = p- 

iFTom u & Bp it follows that ||it„ — u||i2 = o(l), hence it remains to show that ||Mn — u||c = 
o(l) up to a sub-sequence. By Ekeland principle, we can assume that there exists a sequence 
{Xn} C M such that for the functional / defined in (13. 2p 

< r{un) - A„ M„, V >= o(l) yv e H 

where < ■ , ■ > denotes the duality pairing. It follows that 

< /'(m„) - A„w„,M„ >= o(l) 

since ||wn||_ff is bounded. From this and assumption (13. 6p it follows that the sequence {A„} 
is bounded, hence up to a sub-sequence there exists A G M with A„ A. 
We now have 

< /'(n„) - r{Um) - \nUn + ^mUm , - >= o(l) aS n, m OO 

hence, using (A„ - A^) < Um, Un - Um >= o(l), 

\\Un - Ura\\l+ < T' {Un) - T'(Um),M„ - Mm > -K\\Un " Um\\\2 = o(l) 

Since Uttn — WmlUa = o(l), A„ ^ A and (13. 7p holds, we obtain that {«„} is a Cauchy sequence 
in H. Hence \\un — u\\h ^0. □ 

Remark 3.1. Notice that (I3.4l) - (l3.7p in the previous theorem are assumed only for minimizing 
sequences. Moreover (13. 5p holds for example for uniformly continuous operators T. 

The proof of Theorem 12.11 is now reduced to show that assumptions of Theorem 13.11 are 
satisfied for J defined in (12. ip . with T{u) = JW{u). This is obtained by the following 
lemmas. 

Lemma 3.1. // / [ VFjj) holds then Jp > —oo, and any minimizing sequence {un} G H (1 Bp, 
i.e. J{un) —>■ Jp, is bounded in H. 
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Proof. We apply the Sobolev inequality (see [T2] ) 

(3.11) \\u\\l. < bg\\u\\^, ' " \\Vu\\l2 ' 
that holds for 2 < q < 2* when > 3. From (13.111) it follows that for any u E 

(3.12) < b,jVu\\j^, . 
Now, by (Km and (IWTj) . for a\\ u e H f] Bp 

J{u) > f QlVnp + ^V{\y\y + - - ^2^^ ) 



p 



Since 7 < 2 + it holds ^ - N < 2, hence have 

A^)>ImI + o{\\vu\\1.). 

The proof follows easily. □ 

Lemma 3.2. // liVS\) and liW3\) hold, then there exists po such that Jp < for all p > pq. 

Proof. Let sq satisfy W{so) < as in ( ]W3[) . We consider the sequence of functions Un{x) = 
Un{\y\,z) = f{\z\)vni\y\) with 

f soi\y\ - Rn + 1) for Rn-l<\y\< Rn 

So for Rn < \y\ < 2Rn 

so{2Rn~\y\ + l) ioi2Rn<\y\<2Rn + l 

for \y\ >2Rn + l 

r 1 for < l^l < 1 

fm=l 2-\z\ forl<|y|<2 
[ for \y\ > 2 

and assume ^ 00. Then Un E H and 

2 _ r^/ r>k-l\ 



Vn[\y\ 



\Vunrdx = 0{R 



2Rn 

k~l „2 



Vi\y\)uidx=( / Vir)r'-\st,dr / fiz)dz + o{R'^) = 0{R^V{R^)) 

\JR„ J \J\z\<2 J 

[ W{un) dx=( r'-' W{so) dr] ( [ f{z)dz] + oiRt') = 0{R^) 

J \Jr„ / V^|z|<2 / 

Since W{so) < and V{Rn) 0, it follows that J(u„) is negative for n large enough, and 
WunWh = 0{Ri). □ 

Lemma 3.3. Let 2 < k < N and O a bounded open subset ofM.^'^. Then the embedding 
Him'' xO) ^ LP(R^) IS compact for allp e (2, 2*). If k = N then the embedding H(R^) --^ 
LP(R'^) IS compact for all p e (2,2*). 

Proof. It follows from the compactness results in [9] for 2 < k < N and in [llj for k = N. □ 



Lemma 3.4. Let Jp < and Un he a minimizing sequence for i2.4\) under assumptions 
iW^) . Then, up to translations in , we have m„ ^ -u 7^ 0. 

Proof. Since Jp < 0, by flW2l) there exists q E (2, 2*) such that 

uldxy f3>0. 



Moreover, by Lemma [3.11 llMnlln is bounded and there exists u E H such that m„ ^ u. It 
remains to prove that u ^ 0. 

Now we introduce for every j = {jk+i,jk+2, ■■■,jN) ^ Z'^^^ the cube 

Qj = [jk+lJk+l + 1) X [ifc+2, Jfc+2 + 1) X ... X [jn,Jn + 1) G 

Let Sj = X Qj, we have 



0<P< 



/ ul^dx=2_^\ / \un\'^ dyd^ 



q-2 2 

1 I r \ 1 



= ^yj l^nl" '^{unl'^dydzj lunl^dydzj yj \un\'^dydzj < 

< sup f y \un\'^dydzj ( J Wnl'^dydzj < 



< const sup / \un\'^dydz j ||un|||f 

Hence there exists a sequence of cubes Qjn such that 

\un\''dydz > const > 

It follows that the minimizing sequence Vn{x) := Un{x + j"') satisfies 

\vn\'^ dx > const > 



'xQo 

hence, by Lemma [3.31 the weak limit u^O. □ 

Lemma 3.5. Let (ti„) G L«i(M^) n L'^''{R^), with 1 < qi < q2 < 00, and f{u) = J R{u)dx 
with R:R^R of class C\ If 

• (un) IS hounded m L'i^{W) n L'i^{W); 

• Un u almost everywhere; 

• \R'{s)\ < _^ b2\s\'^^-\ I <qi<q2<oo 

Then 

f{Un-u)+f{u)=f{Un)+0{l). 

Proof. First of all we can write 

\R{Un) — R{Un — u)\ = |-R'(tt„ — U + 9u)\ \u\ < 
< cAUn - UY'^-^ \u\ + C2\Un - uY'^'^ \u\ + cMuY^ + \uY''') 



for some 9 G (0, 1). Moreover, applying for any fixed e > the Young inequality 

ab < ta^ + c{e)}f with a, 6 > and - + - = 1 

P Q 

with coniugated exponents Qi and q2 we get 

\R{un) - R{un -u)- R{u)\ < eci{\un - u\'^' + \un - u\'^') + c{e)c5{\u\'^' + + \R{u)\ 
Hence, setting 

:= - i?K -u)- R{u)\ - ec^ilun - u\''' + K - 

the Lebesgue dominated convergence theorem implies 

lim / f^dx = 0. 

The proof is finished by writing 

\T{Un) — T{Un — u) — T{u)\ < J \R{Un) — R{Un — u) — R{u)\dx < 



< 



j f^dx + ec4 (^J i\un - + \un - u\'^^)dx^ < o(l) + ec^K 



where K := supn\ f (|wn — + \un — u\'^^\)dx. □ 

Lemma 3.6. If rVM) and fWM) hold, then the operator T{u) = JW{u) satisfies (3^-(3^ 
for any minimizing sequence G H H Bp, for p large enough. 

Proof. By Lemma (3 .11 any minimizing sequence is bounded in the H norm. Hence {un} is 
bounded in all norms for p G [2, 2*] and there exists u & H such that m„ ^ u. Moreover, 
classical compact embeddings of H into when restricted to open bounded subsets of 
imply almost everywhere convergence of m„ to u. 

Writing T{u) = JW{s) = / f + f (m), condition ([S3D is satisfied for J^u^ hj a 
standard argument, and for T{u) by ( 1W2I) and Lemma [3. 51 

Condition (13. 5p is immediate for J ^u^. For T(u) we write 

<|a„-l| / \R'{{1 + 9){un- u))\\un- u\dx 



{R{an{Un — u)) — R{Un — u)) dx 

for some 9 G (0, 1). Hence, by (\W2\i . 



\T{an{un - u)) - T{un - u)\ < coust |a„ - 1| maxjll-u^ - u\\%, ||-u„ - u\\%} 

Condition (13. 6p follows using ( 1W2I) as above, and by boundedness of \\un — u\\lp for all 
pG [2,2*]. 

It remains to prove (13.71) . By Lemmas 13.21 and 13. 4^ we obtain n ^ if the minimization 
problem (12. 4p is studied in if fl for p large enough. Hence we can repeat the proof 
of Theorem 13.11 to obtain that the weak limit u is in Bp. From -u G it follows that 



\un — u\\l2 = This implies (13.71) for the term J ^ w^. 
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We now prove this condition for T{u). We recall that \\ur. 
following inequality for v E H 



u\\h = 0(1). Now, the 



\v 



IP < 



\V\ 



P-0 

2 



\v 



2* 



2N 



with 2* 
imply 

(3.13) 

for all p G (2, 2*). The proof of fl3.7p is now finished by writing 



Ar_2' P ^ (2,2*) and /3 = ^iP ~ 2) G (0,p), and the classical Sobolev theorem 



\Un — u\\^j^p < const \\Un — u\\^^2^ \\Un ~ u\\h 



{R'{Un) - R'{Um)){Un - ^m) dx 

Using flW2D and 

I "U/yi I I "Ufl '^TTl I dx 

which holds for all p G (2, 2*), we get 

{R'{Un) - R'{Um)){Un - Um) dx 



< j {\R!{Un)\ + \R!{Um)\)\Un- Um\dx 



\U. 



< const [\\Un - UmWhP + \\Un - UmWhi) 

where p, q are as in (lW2p . Condition (13.71) now follows from (13.131) . 
Lemma 3.7. Let T{u) = J^^ W{u)dx. For any 9 > 1 and u & H we have Tiu^) = 9'^T{u 



□ 



Proof of Theorem\2Ji If (IVT])-(IV3l) and flWTjl -f lWgll hold, by Lemmas [SH [321 [321 EH and 
13. 7[ we can apply Theorem 13. II to the functional J defined in (12. ip . Hence for any minimizing 
sequence {u„} C H O Bp with p large enough, there exists u E Bp such that \\un — u\\h 0. 
Now, from the continuity of the functional J it follows that J{u) = Jp. □ 

4. Application to nonlinear hydrogen atom 



For the nonlinear hydrogen atom equation (II. 5p . we prove the existence of solutions of the 
elliptic equation 



(4.1) 



- Au + 



1 



u 



- u^-^ = A 



u 



\y\ Fl 

The solutions of (14.11) are critical points of the functional 



G{u) 



1 , 1 £2 Q 

2' ' 2 |?/|2 2 2\x\ 



P 



dx 



restricted to cylindrically symmetric functions and constrained to the manifold 

Bn := { I V? dx = p2 



We may assume Vt > 1. Indeed if < 1, we first look for solutions of the elliptic equation 

/ f 1 \ 

- Att + [ — + 2- — ]u- uP~^ = Xu 

\y\ fI 
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Then given such a solution u, the function 

is a solution of (11.51) . 
We first notice that 

Lemma 4.1. For Q > 1 and i ^ it holds 

f 1 
Vix) ■.= rTJ + n- — >0 

\y\ \^\ 

for allx e R^. 

Hence we can use the setting introduced in Section [2] with k = 2. We introduce iJ^(]R^ x O) 
as the closure of C^((M^ \ {0}) x O) with respect to the norm 

(4.2) \\uf := f {\Vu\^ + V{xy)dx 

The subspace of H^{M.'^ x O) of cylindrically symmetric functions will be denoted by //(M^ x 
O), and simply by H when O = hence 

H := ^^ue H\R^ xR^-^) : u = u{\y\,z)^ 

We now restrict the action of the functional G to H and define 

(4.3) Gp=^}}i G{u) 
We prove the following theorem 

Theorem 4.1. Let N > 3 and 2 < p < 2 + ^ . Then for p big enough the infimum ^4-^ of 
G is achieved. Hence there are radially symmetric solutions (in the sense of distributions) 
of d-^. j[ j with prescribed norm large enough. 

We now show how to obtain the existence of the point of minimum. That this implies the 
existence of weak solutions of (14. ip is immediate. That these solutions are also solutions in 
the sense of distributions follows as in Theorem 12. 3[ 

The proof follows as in Theorem 13.11 and the continuity of G in H. Hence we need to show 
that G satisfies assumptions (I3.3p - (I3.7I) . Moreover assumption (13. 8p is replaced by 

Lemma 4.2. For any fi G (0, p) it holds Gp < G^ + G ^ -. 

Proof. It is sufficient to prove that Gop < 9'^Gp for all ^ > 1. For u E H (1 Bp we set 
U0{x) = 9u{x). Clearly Hwelli = Using the norm (14. 2 p we get 



Gon<M{9^\\u\\^ / \u\Pdx] <MeU \\uf ~ - I \u\Pdx]=9''G 



9p ^ I c u / u ux <^ iiii u I « / u ax = u (jp 



Following the ideas of Lemmas 13.11 13.21 and 13. 4[ we obtain 



□ 



Lemma 4.3. Gp > —oo, and any minimizing sequence {tt„} G H (1 Bp, i.e. G{u„) —>■ Gp, 
is bounded in H . 

Lemma 4.4. There exists po such that Gp < for all p > po. 
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Proof. It follows as in Lemma [3.21 by choosing sq such that Sg — < 0. □ 

Lemma 4.5. Let Gp < and Un he a minimizing sequence. Then, up to translations in M, 
we have Un ^ u 0. 

Proof. It follows as in Lemma 13.41 by choosing simply by noticing that translations along 
the z variables make the functional G to decrease. Hence Vn{x) := Un{\y\,z + j") satisfies 
GM < G{un). □ 

Proof of Theorem 4-1 ■ By Lemmas 14.31 14.41 and 14. 5[ the functional G satisfies f l3.3l) of The- 
orem [XT] Conditions fl3.4p - (13.71) are obtained as in Lemmas 13.51 and 13.61 By Lemma [4.21 
we have the subadditivity condition Ip < T ^ ^ _^ that in Theorem 13.11 is guaranteed by 

condition (13. 8p . 

Hence we can apply Theorem 13. II to G. The proof follows from the continuity of G. □ 
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